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Abstract
It is known that the natural concept of projective representation of a group G has also sig-
ni5cance for permutation representations (G-sets). In this paper the implications of the cor-
responding idea for G-groups are explored. As a consequence, di8erent relations with some
well-known concepts as crowns, wreath products, primitive groups, common complements and
diagonal subgroups are obtained. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 20B15; 20C25; 20C99
1. Introduction
The two last authors Lizasoain and Ochoa give in [6] the concept of projective G-set
as a version of projective representation in the context of the Burnside ring (permuta-
tion representations). In particular, they achieved there a decomposition theorem for a
transitive G-set, in correspondence with the Cli8ord expression of an irreducible linear
representation of G as the tensorial product of two projective ones.
The question appears naturally whether there is a corresponding concept for G-groups.
We introduce next a de5nition of projective G-group and explore some of its implica-
tions.
All groups considered are assumed to be 5nite.
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2. Projective G -groups
Let H be a group. An H -group is a pair (A;  ) where A is a group and  : H →
Aut A is a group homomorphism. Then it is said that H acts through  on A. If the
action of H on A is understood we say simply that A is an H -group. The H -group
(A;  ) is said to be irreducible if the only normal subgroups of A which are invariant
under the action of H are the trivial one and the whole A.
For instance, if A is a minimal normal subgroup of H , then A is an irreducible
H -group with the action given by conjugation.
Denition 2.1. Let G be a group and H/G. We say that (A;) is an (H;G)-projective
group if  : G → Aut A is a map such that
(i) (A;|H ) is an H -group and
(ii) (g)(h−1)(g)−1(ghg−1)∈ Inn A for all h∈H , g∈G.
Then we say that (A;) is an (H;G)-projective extension of the H -group (A;|H ).
If A is an abelian group, the above de5nition agrees with the one of projective
extension of the H -module A to G.
From now on, we shall be actually interested in non-abelian irreducible H -groups.
Recall that, if (A;  ) is an H -group, a derivation or 1-cocycle from H to A is a map

 : H → A such that (h1h2)
 = h
 (h2)1 h
2 for all h1; h2 ∈H (see Serre [9]).
The H -groups (A1;  1) and (A2;  2) are said to be H -equivalent (see JimGenez-Seral
and Lafuente [4]) if there exist a group isomorphism f : A1 → A2 and a derivation

 : H → A2 such that a 1(h)f = af 2(h)h
 for every a∈A1 and h∈H . If 
 is trivial,
then the H -groups are said to be H -isomorphic.
Remark 2.2. It is immediate to show that the non-abelian irreducible H -groups (A1;  1)
and (A2;  2) are H -equivalent if and only if there exist a group isomorphism f : A1 →
A2 and a map  : H → Inn A2 such that  1(h)f = f 2(h)h for every h∈H . In this
case, the map 
 : H → A2 inducing  is in fact a 1-cocycle, since the center of A2 is
trivial.
Denition 2.3. Let G be a group and H/G. Let (Ai;i) be an (H;G)-projective
extension of the non-abelian irreducible H -group Ai, i = 1; 2. We say that (A1; 1)
and (A2; 2) are (H;G)-equivalent if there exist a group isomorphism f : A1 → A2
and a map  : G → Aut A2 verifying for all h∈H and g∈G,
(1) h ∈ Inn A2,
(2) [g;2(h)]∈ Inn A2, and
(3) 1(g)f = f2(g)g.
Remark 2.4. Assume that (A;i), i = 1; 2, are two (H;G)-projective extensions
of the non-abelian irreducible H -group (A;  ). Then it is immediate that they are
(H;G)-equivalent if and only if there exists f∈Aut A such that the image of
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2(g)−1f−11(g)f under the canonical projection Aut A → Out A centralizes the
image of 2(H) for each g∈G. This is similar to the de5nition of equivalence in
projective linear representations (see e.g. Huppert [3, V 24:1]).
It is a routine to check that this relation is reIexive, symmetrical and transitive.
Anyway, this is also a consequence of the following:
Theorem 2.5. Let G be a group and H/G. Let (Ai;i) be an (H;G)-projective ex-
tension of the non-abelian irreducible H -group Ai; i=1; 2. Then; the (H;G)-projective
groups (A1; 1) and (A2; 2) are (H;G)-equivalent if and only if the H -groups
(A1; 1|H ) and (A2; 2|H ) are H -equivalent.
Proof. Suppose 1 and 2 are equivalent through the isomorphism f : A1 → A2 and
the map  : G → Aut A2. Consider the map  = |H : H → Inn A2. It is obvious that
(A1; 1|H ) and (A2; 2|H ) are H -equivalent through the isomorphism f and the map .
Conversely, suppose f : A1 → A2 is an isomorphism and  : H → Inn A2 a map
such that 1(h)f = f2(h)h for every h∈H .
De5ne  : G → Aut A2 by means of g =2(g)−1f−11(g)f for every g∈G.
If h∈H , h=h. We have to prove for every h∈H and g∈G that [g;2(h)]∈ Inn A2,
and this is a routine checking.
Corollary 2.6. Let G be a group and H/G. All the (H;G)-projective extensions (if
any) of a non-abelian irreducible H -group are (H;G)-equivalent.
Notations 2.7. Let G be a group and H/G. Let (A;  ) be an H -group. Then we set
CH (A)=ker  and X =  (H) (∼= H=CH (A)). Fix {g1 =1; g2; : : : ; gm} a transversal of H
in G. Then, for every g∈G and each i∈ J :={1; : : : ; m}, there exist a unique hi(g)∈H
and a unique j∈ J such that gig= hi(g)gj. In this case, we write j = ig. When g∈H ,
then ig = i and hi(g)= gigg−1i for every i∈ J . So we have an action of G (or of G=H)
on J .
Consider the wreath product XKG=H given by this action, that is the set of elements
( (h1); : : : ;  (hm);Hg) with the multiplication given by
( (h1); : : : ;  (hm);Hg)( (h′1); : : : ;  (h
′
m);Hg
′)
=( (h1) (h′1g); : : : ;  (hm) (h
′
mg);Hgg
′):
Now we consider the group homomorphism  : G → XKG=H given by (g) =
( (h1(g)); : : : ;  (hm(g));Hg) if g∈G. We set W = Aut AKG=H and  : G → W for
the composition of  with the canonical inclusion of XKG=H in W .
Moreover we shall consider the canonical epimorphisms  : W → G=H and  :
W → LW =Out AKG=H , and the map 1 : W → Aut A given by (x1; : : : ; xm;Hg)1 = x1.
If S ≤ W (resp. s∈W ) we shall write LS = S (resp. Ls= s).
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Write B for the base group of W (B is isomorphic to the direct product of m copies
of Aut A). Whenever {t1 = 1; t2; : : : ; tm} is a transversal of B in W , we shall suppose
that ti = Hgi for every i∈ J .
If (A;  ) is an H -group, for every g∈G we have the H -group (A;  g), where  g :
H → Aut A is de5ned by  g(h) =  (ghg−1) for every h∈H . If A is a minimal
normal subgroup of H , then (A;  g), where  is the conjugation action of H on A,
is H -equivalent to the H -group Ag (with the conjugation action of H on Ag), indeed
the group isomorphism f : A → Ag given by af = ag for every a∈A provides an
H -isomorphism.
If A is a non-abelian minimal normal subgroup of H , {r1 = 1; r2; : : : ; rq} will be
a right transversal of NG(A) in G. In this case, it is clear that the direct product
A× Ar2 × · · · × Arq is a minimal normal subgroup of G.
We shall use the above notations in the following until Corollary 2.14.
Recall (see Scott [8, p. 327]) that a subgroup D of a direct product of groups
P=A1×· · ·×An is said to be a diagonal subgroup if the restriction of each canonical
projection P → Ai to D is injective. If every such restriction is bijective, D is said to
be a complete diagonal subgroup of P.
Theorem 2.8. Let G be a group and H/G. Let (A;  ) be a non-abelian irreducible
H -group. Then the following assertions are equivalent:
1. There exists an (H;G)-projective extension (A;) of (A;  ).
2. The H -groups (A;  ) and (A;  g) are H -equivalent for each g∈G.
3. If i∈ J; then there exists (i ∈Aut A such that  gi(h) ≡  (h)(i(mod Inn A) for every
h∈H .
4. There exists a transversal {t1 = 1; t2; : : : ; tm} of B in W such that
[t−1i ; (H)]
1 ⊆ Inn A for every i∈ J:
5. C LW ((H)) LB= LW .
Assume moreover that A is a minimal normal subgroup of H . Then the above
assertions are also equivalent to the following ones:
6. Either A is normal in G or A and Ag have a common complement (which is actually
a maximal subgroup of H) in H for any g∈G.
7. There exists a complete diagonal subgroup D of A × Ar2 × · · · × Arq such that
(A× Ar2 × · · · × Arq)NH (D) = H .
Proof. (1)⇒ (2): Check that the map g : H → Inn A given by
hg =  g(h−1)(g) (h)(g)−1 for every h∈H
provides an H -equivalence between (A;  ) and (A;  g) with the automorphism f =
(g)−1 of A.
(2)⇒ (3): Let (i be a group automorphism of A making the H -equivalence between
(A;  ) and (A;  gi). It is easy to check that  gi(h) ≡  (h)(i (mod Inn A) for all h∈H .
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(3)⇒ (4): Take ti = ((i; 1; : : : ; 1;Hgi)∈W for every i∈ J . For each h∈H we have
[t−1i ; (h
−1)]1 = (i (gihg−1i )(
−1
i  (h
−1)∈ Inn A:
(4)⇒ (5): Suppose {t1 = 1; t2; : : : ; tm} is a right transversal of B in W with (i = t1i
verifying (i (gihg−1i )(
−1
i  (h
−1)∈ Inn A for every h∈H and i∈ J . Put (ij=(−1j (jgi and
si = ((i1; : : : ; (ij; : : : ; (im;Hgi) for all i; j∈ J . It is obvious that {s1 = 1; s2; : : : ; sm} is a
right transversal of B in W . Also,
[s−1i ; (h
−1)] = (: : : ; (ij (gjgi hg−1jgi )(
−1
ij  (gjh
−1g−1j ); : : : ; 1)
= (: : : ; (−1j (jgi  (gjgi hg
−1
jgi )(
−1
jgi (j (gjh
−1g−1j ); : : : ; 1)
≡ (: : : ;  (h)(j  gj (h−1); : : : ; 1) ≡ 1 (mod (Inn A× · · · × Inn A)):
Then, [s−1i ; (h−1)] = [s
−1
i ; (h−1)] = 1 for all i∈ J and h∈H . Therefore, each si
belongs to C LW ((H)) and C LW ((H)) LB= LW .
(5) ⇒ (1): We can take a right transversal {t1 = 1; t2; : : : ; tm} of B in W such that
ti ∈C LW ((H)) for every i∈ J . If we put (i = t1i , then (i (gihg−1i )(−1i  (h−1)∈ Inn A
for every h∈H .
For each g∈G, there exist a unique x∈H and a unique i∈ J such that g = xgi.
De5ne  : G → Aut A by (g) =  (x)(−1i , which is a (G;H)-projective extension of
 because, for any h∈H , one has
 (gh−1g−1)(g) (h)(g)−1 =  (x) (gih−1g−1i ) (x)
−1 (x)(−1i  (h)(i (x)
−1
= ((i (gih−1g−1i )(
−1
i  (h))
(i (x)−1 ∈ Inn A:
(2) ⇒ (6): Suppose A is not normal in G. If A = Ag we have to 5nd a common
complement (in the case A = Ag we just 5nd a complement of A and some Ax = A).
By hypothesis, there exist an isomorphism f : A → Ag and a map  : H → Inn Ag
with ahf = afhh

for every h∈H and a∈A. Then, as in the proof of Proposition (1; 4)
of [4], U = ker  is the required complement.
(6) ⇒ (2): It follows from some known characterizations of H -equivalence (see
[4]).
(2) ⇒ (7): For each j∈{1; 2; : : : ; q} take an isomorphism fj : A → Arj (f1 = id)
and a map j : H → Inn Arj (1 =0) which provide the H -equivalence between A and
Arj . Let D be the complete diagonal of A× Ar2 × · · · × Arq given by the isomorphisms
fj:
D = {(a; af2 ; : : : ; afq); a∈A}:
It is easy to check that h(1; h2 ; : : : ; hq)∈NH (D) for every h∈H . Then,
(A× Ar2 × · · · × Arq)NH (D) = H:
(7) ⇒ (2): Suppose D = {(a; af2 ; : : : ; afq); a∈A} is such a complete diagonal of
A× Ar2 × · · · × Arq . It is clear that
(Ar2 × · · · × Arq)NH (D) = H:
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By writing h=(1=c1; c2; : : : ; cj; : : : ; cq)s with cj ∈Arj for all j∈{1; : : : ; q} and s∈NH (D),
it is easy to prove that bh
−1
f−1j hfj = b
(h; fj) for some (h; fj)∈ Inn Arj and ev-
ery b∈Arj . Then, we de5ne for each j∈{1; : : : ; q}, j : H → Inn Arj by making
hj = (h; fj) for every h∈H . Now, check that each j is a map such that, together
with the isomorphism fj it provides the H -equivalence between A and Arj .
Remark 2.9.
1. If  (H) ≤ Inn A, then there exists an (H;G)-projective extension of (A;  ). To see
it, consider for instance Theorem 2.8(5) and the obvious fact that, in this case,
(H) = 1.
2. If HCG(H) = G, then there exists an (H;G)-projective extension of (A;  ). This
follows, for instance, from Theorem 2.8(3), with (i = 1 for all i, because we can
take a transversal of H in G contained in CG(H).
3. We can always construct the semidirect product [A]H with the action given through
 , and then A is a minimal normal subgroup of [A]H . Nevertheless, the existence or
not of projective extension cannot be reduced to the case studied in the points (6)
and (7) of the theorem. For instance, take G=〈x; x4=1〉 ∼= C4, H=〈x2〉 ∼= C2, A=An
the alternating group of degree n ≥ 5 and  : H → Aut An given by  (x2) = (1 2).
(A;  ) is a non-abelian irreducible H -group and there exists an (H;G)-projective
extension (see the foregoing remark). Now, [A]H is isomorphic to the symmetric
group of degree n and there is no group L such that [A]H/L and L=A ∼= C4, because
Aut An=Inn An is isomorphic to C2 if n = 6 or C2 × C2 if n= 6.
Example 2.10. Let An be the alternating group of degree n ≥ 6 and .n the symmetric
group of degree n. We identify An with Inn An and .n with a subgroup of Aut An (in
fact, .n =Aut An if n¿ 6). Consider the following groups and homomorphisms:
G= 〈b1; b2; x; b21 =b22 =x2 =(b1b2)2 =1; bx1 =b2〉 ∼= D4, the dihedral group of order 8.
H = 〈b1; b2〉 ∼= C2 × C2, the Klein 4-group.
 1 : H → Aut An given by  1(b1) = (1 2)(5 6) and  1(b2) = (3 4).
 2 : H → Aut An given by  2(b1) = (1 2)(3 4)(5 6) and  2(b2) = (3 4).
Clearly (An;  1) and (An;  2) are non-abelian irreducible H -groups.
Now  x1(b2) =  1(b1) = (1 2)(5 6) and  1(b2) = (3 4) and there is no (∈Aut An
such that  x1(b2) ≡  1(b2)( (mod Inn An). Therefore, by Theorem 2.8(3), there is no
(H;G)-projective extension of (An;  1).
On the other hand, if we take ( = 1∈Aut An, it is easy to check that  x2(h) ≡
 2(h)( (mod Inn An) for all h∈H . So, by Theorem 2.8(3) again, there exists an (H;G)-
projective extension of (An;  2).
If n¿ 6, an (H;G)-projective extension of (An;  2) cannot be a G-group: there is
no group homomorphism  : G → Aut An such that |H =  2, because Aut An = .n
and it is not possible to 5nd (x)∈.n with  2(b2)(x) =  2(bx2).
Finally, if n = 6 we can 5nd an (H;G)-projective extension of (An;  2) which is a
G-group. To see it we consider the following set of generators of .6 (see [3, 19:8b]):
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{s1 = (1 2 3); s2 = (1 2)(3 4); s3 = (1 2)(4 5); s4 = (1 2)(5 6); s5 = (3 4)} where the
expressions
s01 = (1 2 4)(3 5 6), s
0
2 = (1 5)(2 6), s
0
3 = (1 4)(3 6), s
0
4 = (1 2)(5 6), s
0
5 = (1 2)(3 4)(5 6)
de5ne 0∈Aut.6 (∼= Aut A6) such that 02 = 1. Now (b1) =  2(b1) = (1 2)(3 4)(5 6),
(b2) =  2(b2) = (3 4) and (x) = 0 de5ne a homomorphism  : G → Aut A6 with
|H =  2.
Recall (see FNorster [1,4]) that if (A;  ) is an irreducible H -group, then the (A;  )-crown
of H is I=D, where I = IH (A) (the so called inneriser in H of A) is the set of the
elements h∈H such that  (h)∈ Inn A, and
D =
⋂
{K ;K/H; K ≤ I; I=K H -equivalent toA; I=K non-Frattini}
(D = I if no K exists with the given conditions).
Proposition 2.11. Let G be a group and H/G. Then G acts by conjugation on the
set of the crowns of H .
Proof. It is immediate that if I is the inneriser in H of the H group (A;  ) and g∈G,
then I g is the inneriser in H of (A;  g).
Let I=K be a non-Frattini chief factor of H and suppose I=K is H -equivalent to (A;  )
through the group isomorphism f : I=K → A and the 1-cocycle 
 : H → A. Then it
is easy to check that I g=Kg is H -equivalent to (A;  g) through the group isomorphism
fg : I g=Kg → A given by (xgKg)fg = (xK)f if x∈ I and the 1-cocycle 
g : H → A
given by h
g = (ghg−1)
 if h∈H .
From this it is immediate to prove that if I=D is the (A;  )-crown of H , then I g=Dg
is the (A;  g)-crown of H .
Corollary 2.12. Let G be a group and H/G. Assume that (A;  ) is a non-abelian irre-
ducible H -group whose crown in H is non-trivial. Then; (A;  ) has an (H;G)-projective
extension if and only if the (A;  )-crown of H is G-invariant.
Proof. It is a direct consequence of the Proposition 2.11 and Theorem 2.8(2).
Assume the non-abelian irreducible H -group (A;  ) has an (H;G)-projective exten-
sion. In particular IH (A) is a normal subgroup of G, since the (A;  )-crown of H is
G-invariant. But the only condition IH (A)/G is not enough to ensure the existence of
(H;G)-projective extension of A.
Proposition 2.13. Let G be a group; H/G and (A;  ) a non-abelian irreducibleH -group.
Write F for the base group of XKG=H . Then; IH (A) is normal in G if and only if
(H) is a complete diagonal subgroup of LF .
Proof. (⇒) It is enough to see that the projection of (H) on each component is injec-
tive (obviously it is surjective). Suppose ( (h); : : : ;  (gihg−1i ); : : : ;  (gmhg
−1
m ))∈ (H)
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and  (gihg−1i )∈ Inn A. Then, gihg−1i ∈ IH (A) and, by the hypothesis, gjhg−1j ∈ IH (A)
for every j∈ J . Thus,  (gjhg−1j )∈ Inn A and the thesis follows.
(⇐) For each h∈ IH (A),  (h)∈ Inn A and, by the hypothesis,  (gihg−1i )∈ Inn A, so
gihg−1i ∈ IH (A) for every i∈ J and then IH (A) is normal in G.
Corollary 2.14. Let G be a group; H/G and (A;  ) a non-abelian irreducible H-group.
Then; IH (A) is normal in G if and only if there exists; for each i∈ J; 0i ∈Aut ( (H)
Inn A=Inn A) such that  gi(h)Inn A= ( (h)Inn A)0i for every h∈H .
We 5nish this section with some considerations on a particular situation concerning
primitive groups. Recall that a primitive group is a group H with a core-free maximal
subgroup. In this case H has either only one minimal normal subgroup, which is (I)
abelian or (II) non-abelian, or (III) exactly two minimal normal subgroups, which are
non-abelian, M1 and M2 say. In this last case we have that H=M1 ∼= H=M2 is primitive
of type II (see e.g. [1]).
The example [1, 1:2(b)] of KovGacs shows that having H=M1 ∼= H=M2 primitive of
type II for two distinct minimal normal subgroups M1 and M2 of H is not suOcient
to ensure that H is primitive of type III. We consider this situation.
Proposition 2.15. Let H be a group with two minimal normal subgroups M1 and M2
such that H=M1 ∼= H=M2 is primitive of type II. Then H is primitive (of type III) if
and only if there exists a group G containing H such that (i) |G : H | = 2; M1 and
M2 are conjugated in G and (ii) there exists an (H;G)-projective extension of the
H-group M1.
Proof. If H is primitive of type III, take U a core-free maximal subgroup of H . Then
(um1)( = um2 if m1m2 ∈U (with u∈U , mi ∈Mi, i = 1; 2) de5nes an automorphism (
of H such that (2 =1 (see Lafuente [5, p. 2033]). This ensures the existence of G and
(i). The condition (ii) follows from Theorem 2.8(6).
Conversely, by using again the same theorem, H is primitive of type III because M1
and M2 are H -equivalent (see [4, Proposition (1; 4)]).
Observe that as a consequence of Theorem 2.8(7) one has the following well-known
result (it is implicit e.g. in [1, 1.2.a; 5, pp. 2032–2033]).
Corollary 2.16. A group H is primitive of type III if and only if H has two minimal
normal subgroups M1 and M2 such that H=M1 ∼= H=M2 is primitive of type II and
there exists a complete diagonal subgroup D of M1 ×M2 verifying NH (D)M2 = H .
Observe now that if H satis5es the initial conditions given in Proposition 2.15, then
we may consider that H is a subgroup of AutM × AutM containing Inn M × InnM ,
M1 = Inn M × 1, M2 = 1× InnM , for an M ∼= M1 ∼= M2.
Assume that under those conditions H is not primitive of type III. Then either a
group G verifying (i) of Proposition 2.15 does not exist or such a group G exists but
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the H -group M1 admits no (H;G)-projective extension. In this last case, an element
g∈G such that Mg1 =M2 provides an element ∈Aut S for a subgroup S (isomorphic
to H=Mi) of Out(M). If we suppose ∈ Inn S, then the characterizations (3) or (7) of
Theorem 2.8 lead to the contradiction that M1 and M2 are H -equivalent. In this sense,
the quoted example of KovGacs is universal for this question.
The two possibilities for the H above can occur, as we show next.
Example 2.17. Let M = A6; the alternating group of degree 6. We have that
AutM=InnM ∼= C2 × C2. We may take u; v∈AutM such that OutM = 〈 Lu〉 × 〈 Lv〉, with
Lu= u InnM , Lv= v InnM . {1; u; v; uv} is a transversal of InnM in Aut M and AutM =
{uivjx; 0 ≤ i; j ≤ 1; x∈ InnM}. Let now L∈Aut (OutM) with L ∈ Inn (OutM)
(that is with L = 1). Let  : AutM → AutM be the bijective map given by
(uiv jx) = (u)i(v) jx with u the element t of the transversal taken such that Lu L = Lt
and analogously v. Let 5nally
H = {(wx; w);w∈AutM; x∈ InnM}:
Then H is a group, M1=InnM×1 and M2=1×InnM are minimal normal subgroups
of H , H=M1 ∼= H=M2 ∼= AutM is primitive of type II and H is not primitive of type III.
1. If L has order 2, then we have (∈AutH of order 2 with M(1 =M2. In fact, assume
u = v and v = u and check that (wx; w)( = (w; wx) de5nes the required automor-
phism. In this case the group G of Proposition 2.15(i) exists, namely the semidirect
product of H with the cyclic group of order 2 generated by (.
2. If L has order 3 we may assume u = v and v = uv. Then there is no group G
verifying the conditions of Proposition 2.15(i). Suppose the contrary is true and take
g∈G with Mg1 =M2. Then, for x; y∈ InnM , (x; 1)g = (1; xg1 ) and (1; y)g = (yg2 ; 1)
de5ne g1; g2 ∈AutM (after an obvious identi5cation of M with InnM which we
maintain in this proof). Now, for any (w1; w2)∈H and any (x; y)∈M ×M one has
(x; y)(w1 ;w2)
g
= (x; y)g
−1(w1 ;w2)g = (yg
−1
2 ; xg
−1
1 )(w1 ;w2)g
= (yg
−1
2 w1 ; xg
−1
1 w2 )g = (xg
−1
1 w2g2 ; yg
−1
2 w1g1 ):
Therefore, (w1; w2)g = (g−11 w2g2; g
−1
2 w1g1) for any (w1; w2)∈H . In particular, if
w1; w2 ∈M , by comparing this with the de5nition of g1 and g2, we deduce that g1=g2.
Now, applying the same formula to the case (w1; w2) = (u; v)∈H , we obtain (u; v)g =
(vg1 ; ug1 )∈H , whence (vg1 ) ≡ ug1 (mod InnM), which is a contradiction because
〈M; u〉 and 〈M; v〉 are normal subgroups of Aut A6.
3. Induced H -groups
When U is a subgroup of the group H , the H -set of the right classes of U in H
is denoted by H=U . If {x1 = 1; x2; : : : ; xn} is a right transversal of U in H , then the
222 J.P. Lafuente et al. / Journal of Pure and Applied Algebra 165 (2001) 213–225
set {1; : : : ; n}, with the action of H given by ih = j if and only if Uxih= Uxj for any
h∈H and i; j∈{1; : : : ; n}, is an H -set which is isomorphic to H=U .
Denition 3.1. Let U be a subgroup of H , {x1 = 1; x2; : : : ; xn} a right transversal of
U in H and (B; 9) a U -group. We will call the H -group induced from the U-group
(B; 9), and denote (BHU ;  ), to the group B
H
U , direct product B1 × · · · × Bn of n copies
of B with the action  : H → Aut (B1 × · · · × Bn) given by
(b1; : : : ; bn) (h) = ((b1h−1 )
9(x
1h
−1 hx−11 ); : : : ; (bnh−1 )
9(x
nh
−1 hx−1n ))
for every h∈H and every (b1; : : : ; bn)∈B1 × · · · × Bn.
This de5nition agrees with a particular case of the induced extension given by Gross
and KovGacs in [2, pp. 141,142,147,148].
Notes 3.2.
1. (BHU ;  ) is the base group of the twisted wreath product BKUH (see Neumann [7]).
2. The H -isomorphism class of the H -group (BHU ;  ) does not depend on the right
transversal of U in H .
3. If (B; 9) is an irreducible U -group, then (BHU ;  ) is an irreducible H -group.
4. The U -group (B1;  U ), with  U : U → Aut B1 de5ned in the obvious way:  U (v)=
 (v)|B1 ∈Aut B1, is U -isomorphic to (B; 9), but, in general, Bi is not a U -group
because Bi is not 5xed by  (U ).
5. BHU = B
 (x1)
1 × · · · × B (xn)1 :
6. Take U ≤ H , (A;  ) an irreducible H -group and B a normal subgroup of A such
that B (v) = B for every v∈U . The H -group BHU , in general, is not H -isomorphic
to (A;  ) even though A is non-abelian.
Proposition 3.3. Let (A;  ) be a non-abelian irreducible H-group; T a minimal normal
subgroup of A and U = NH (T ). Then THU is H-isomorphic to (A;  ).
Proof. Let {x1 = 1; x2; : : : ; xn} be a right transversal of U = NH (T ) in H . THU is
H -isomorphic to T (x1) × · · · × T (xn), which is the H -group (A;  ).
Proposition 3.4. If U is a subgroup of H and B and C are U-equivalent irreducible
U-groups; then BHU and C
H
U are H-equivalent.
Proof. Let f : B → C be an isomorphism and  : U → InnC a map providing the
U -equivalence between B and C. Take {x1=1; x2; : : : ; xn} a right transversal of U in H ,
Bi=B and Ci=C for each i∈{1; : : : ; n}. De5ne the isomorphism fH : B1×· · ·×Bn →
C1×· · ·×Cn by (b1; : : : ; bn)fH =(bf1 ; : : : ; bfn ) and the map H : H → Inn (C1×· · ·×Cn)
by h
H
= ((x1h−1 hx
−1
1 )
; : : : ; (xnh−1 hx
−1
n )
).
Now, check that these give the H -equivalence.
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Denition 3.5. Let (A;  ) be a non-abelian irreducible H -group, T a minimal normal
subgroup of A and U = NH (T ). The (isomorphism class of the) H -set H=U will be
called the H -set associated to A.
The H -set associated to a non-abelian irreducible H -group is well de5ned, because
all the minimal normal subgroups of A are conjugate by elements of  (H) and then
the corresponding normalizers are conjugate in H .
Lemma 3.6. Let (A1;  1) and (A2;  2) be non-abelian irreducible H-groups which are
H-equivalent through the isomorphism f : A1 → A2 and the map  : H → Inn A2.
Take T a minimal normal subgroup of A1 and U = NH (T ). Then;
1. NH (Tf) = U and the H-sets associated to both H-groups are isomorphic.
2. (T; 91) and (Tf; 92); with 91 : U → Aut T and 92 : U → Aut Tf; de;ned re-
spectively from the restriction of  1 and  2 in the obvious way; are U-equivalent
irreducible U-groups.
Proof. It is an easy checking. In part (2) take the isomorphism fT : T → Tf and
the map U which is the composition of the restriction of  to U with the canon-
ical projection of Inn A2 in Inn Tf (A2 is the direct product of its minimal normal
subgroups).
From now on, we shall use the following notations. H will be a normal subgroup of
a group G, (A;  ) a non-abelian irreducible H -group and T a minimal normal subgroup
of A. We shall write A = T1 × · · · × Tn with T1 = T ∼= Ti for every i∈{2; : : : ; n} and
U =NH (T ), We shall consider (T; 9) as an irreducible U -group in the usual way (see
the previous Lemma). {h1 = 1; h2; : : : ; hk} will be a right transversal of U in NH (U )
and {s1 = 1; s2; : : : ; sp} one of NH (U ) in H . So, it is clear that
A= (T (h1) × · · · × T (hk )) (s1) × · · · × (T (h1) × · · · × T (hk )) (sp):
Lemma 3.7. The following assertions are equivalent:
1. For every g∈NG(U ) there exists h∈NH (U ) such that the irreducible U-groups
(T; 9g) and (T; 9h) are U-equivalent.
2. For every g∈NG(U ) there exists i∈{1; : : : ; n} such that NH (Ti) = U and (T; 9g)
and Ti are U-equivalent U-groups.
3. The irreducible NH (U )-group (T (h1) × · · · × T (hk )); that we will call NH (U )-
component of A; admits an (NH (U ); NG(U ))-projective extension.
Proof. In this proof write ∼ (resp. ∼=) to mean NH (U )-equivalent (resp. NH (U )-
isomorphic).
(1) ⇒ (2): Observe that T (h)(∼= (T; 9h)) is a minimal normal subgroup of A and
then equal to some Ti with NH (Ti) = U .
224 J.P. Lafuente et al. / Journal of Pure and Applied Algebra 165 (2001) 213–225
(2)⇒ (1): If g∈NG(U ), then (T; 9g) is U -equivalent to Ti which is a minimal nor-
mal subgroup of A, so Ti =T (h) for some h∈H and h∈NH (U ) because NH (Ti)=U .
Notice that, for any g∈NG(U ), the 5rst component of the NH (U )-group ((T (h1) ×
· · ·×T (hk )); ( NH (U ))g) is a minimal normal subgroup which is a U -group isomorphic
to (T; 9g). Now,
(1) ⇒ (3): For every g∈NG(U ), ((T (h1) × · · · × T (hk )); ( NH (U ))g)∼=(TNH (U )U ;
( NH (U ))
g). Also, (T; 9g) is U -equivalent to some T (hi) and (T (h1)×· · ·×T (hk );  NH (U ))∼= (T (hi))NH (U )U . Now, by applying Proposition 3.4, the proof is obtained.
(3) ⇒ (1): If g∈NG(U ), then ((T (h1) × · · · × T (hk )); ( NH (U ))g)∼ ((T (h1) × · · ·
× T (hk )); ( NH (U )) implies that the irreducible U -group (T; 9g), 5rst component of
((T (h1) × · · · × T (hk )); ( NH (U ))g), must be U -equivalent to some U -irreducible com-
ponent of ((T (h1)×· · ·×T (hk ));  NH (U )), and then to some T (hi) which is U -equivalent
to (T; 9hi).
Theorem 3.8. The non-abelian irreducible H-group (A;  ) has an (H;G)-projective
extension if and only if the H-set H=U associated to (A;  ) has a projective extension
to G and the NH (U )-component of A admits (NH (U ); NG(U ))-projective extension.
Proof. First note that the H -set H=U has a projective extension to G if and only if
NG(U )H = G, as can be seen in Proposition 2:4 of [6]. Now, let g∈G and suppose
(A;  g) is H -equivalent to (A;  ). Then, by Lemma 3.6(1), the H -set associated to
(A;  ), H=U , and the one associated to (A;  g), H=Ug, are isomorphic; so Ug = Uh
for some h∈H and then g∈NG(U )H . Also, by Lemma 3.6(2), T is U -equivalent to
some Ti with NH (Ti) = U (Ti = Tf with f : A → A an isomorphism which provides
the H -equivalence of (A;  g) and (A;  )); now by using Lemma 3.7 this part of the
proof is complete.
Conversely, we have to prove that (A;  ) and (A;  g) are H -equivalent for any
g∈G. Since G = NG(U )H and (A;  ) is H -equivalent to (A;  h) for any h∈H , we
may assume g∈NG(U ). By hypothesis and Lemma 3:7, (T; 9g) is U -equivalent to Ti
for some i∈{1; : : : ; n} with NH (Ti) = U . Finally, (A;  ) = ((Ti)HU ;  ) and (A;  g) =
((T )HU ;  
g), therefore by applying Proposition 3.4 we obtain that (A;  ) and (A;  g) are
H -equivalent.
Example 3.9. Consider the following group: G = 〈a; b1; b2; x; a3 = b21 = (ab1)2 = b22 =
x2 = 1; ab2 = b2a; ax = a; bx1 = b2〉 ∼= [.3 × C2]C2 and its subgroups
H = 〈a; b1; b2〉 ∼= .3 × C2 and U = 〈b1; b2〉 ∼= C2 × C2:
Let n ≥ 6 and de5ne the homomorphisms  i : U → Aut An, i = 1; 2, by  1(b1) =
(1 2)(5 6),  1(b2) = (3 4),  2(b1) = (1 2)(3 4)(5 6) and  2(b2) = (3 4).
Since (An;  i) is a non-abelian irreducible U -group, then the induced H -group
((An)HU ; =i) is irreducible and its associated H -set is H=U . Now, NH (U )=U , NG(U )=
〈b1; b2; x〉 ∼= D4 and it is obvious that HNG(U ) = G. That is, there exists a projective
extension of the H -set H=U to G.
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On the other hand, Example 2.10 shows that (An;  i), the NH (U )-component of
((An)HU ; =i), admits (NH (U ); NG(U ))-projective extension for i = 2 and does not for
i = 1. Hence, by Theorem 3.8, ((An)HU ; =i) has a projective extension to G only for
i = 2.
Finally, we consider the semidirect product L=[G]〈y〉 de5ned through y2=1, ay=a,
by1 =ab2, x
y = x. Now, NL(U )=NG(U ) and there exists an (NH (U ); NL(U ))-projective
extension of (An;  2), as above. However, there is no (H; L)-projective extension of
((An)HU ; =2) because the H -set H=U does not admit projective extension to
L (HNL(U ) = L).
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